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P.1 Graphs and Models 5 

Symmetry of a Graph 
Knowing the symmetry of a graph before attempting to sketch it is useful because you 
need only half as many points to sketch the graph. The three types of symmetry listed 
below can be used to help sketch the graphs of equations (see Figure P.7). 

1. A graph is symmetric with respect to they-axis if, whenever (x, y) is a point on the 
graph, then (- x, y) is also a point on the graph. This means that the portion of the 
graph to the left of the y-axis is a mirror image of the portion to the right of the y-axis. 

2. A graph is symmetric with respect to the x-axis if, whenever (x, y) is a point on the 
graph, then (x, -y) is also a point on the graph. This means that the portion of the 
graph below the x-axis is a mirror image of the portion above the x-axis. 

3. A graph is symmetric with respect to the origin if, whenever (x, y) is a point on 
the graph, then ( - x, - y) is also a point on the graph. This means that the graph is 
unchanged by a rotation of 180° about the origin. 

Tests for Symmetry 
1. The graph of an equation in x and y is symmetric with respect to the y-axis 

when replacing x by - x yields an equivalent equation. 
2. The graph of an equation in x and y is symmetric with respect to the x-axis 

when replacing y by - y yields an equivalent equation. 
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3. The graph of an equation in x and y is symmetric with respect to the origin 
when replacing x by - x and y by - y yields an equivalent equation. 

The graph of a polynomial has symmetry with respect to the y-axis when each term 
has an even exponent (or is a constant). For instance, the graph of 

y=2.x4-x2+2 

has symmetry with respect to the y-axis. Similarly, the graph of a polynomial has 
symmetry with respect to the origin when each term has an odd exponent, as illustrated 
in Example 3. 

EXAMPLE 3 Testing for Symmetry 

Test the graph of y = 2x3 - x for symmetry with respect to (a) the y-axis and (b) the 
origin. 

Solution 

a. y=2.x3 -x 
y = 2(-x)3 - (-x) 
y=-2.x3+x 

Write original equation. 

Replace x by - x. 

Simplify. It is not an equivalent equation. 

Because replacing x by - x does not yield an equivalent equation, you can conclude 
that the graph of y = 2.x3 - x is not symmetric with respect to the y-axis. 

b. y=2.x3-x 
-y = 2(-x)3 - (-x) 
-y=-2.x3+x 

y=2x3-x 

Write original equation. 

Replace x by - x and y by -y. 

Simpli fy. 

Equivalent equ ation 

Because replacing x by - x and y by - y yields an equivalent equation, you can 
conclude that the graph of y = 2x3 - x is symmetric with respect to the origin, as 
shown in Figure P.8. Iii 
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l f3V!IQ•jf Using Intercepts and Symmetry to Sketch a Graph 
: • • • I> See LarsonCalculus.com for an Interactive version of this type of example. 

Sketch the graph of x - y 2 = I. 

Solution The graph is symmetric with respect to the x-axis because replacing y by 
- y yields an equivalent equation. 

X - y2 = 1 Write original eq uation. 

x - (-y)2 = I Rcplacc y by - y. 
X - y 2 = ( Equivalent equation 

This means that the portion of the graph below the x-axis is a mirror in;iage of the 
portion above the x-axis. To sketch the graph, first plot the x-intercept and the points 
above the x-axis. Then reflect in the x-axis to obtain the entire graph, as shown in 
Figure P.9. ii 

[> TECHNOLOGY Graphing utilities are designed so that they most easily 
• graph equations in which y is a function of x (see Section P.3 for a definition of 

function) . To graph other types of equations, you need to split the graph into two or 
more parts or you need to use a different graphing mode. For instance, to graph the 
equation in Example 4, you can split it into two parts. 

Y, = Jx"=°1 Top portion of graph 

Yi = - Jx"=""T Bottom portion of graph 

Points of Intersection 
A point of intersection of the graphs of two equations is a point that satisfies both 
equations. You can find the point(s) of intersection of two graphs by solving their 
equations simultaneously. 

i :ftMjQ!Jj Finding Points of Intersection 

Find all points of intersection of the graphs of 

x2 -y=3 and x-y= I. 

Solution Begin by sketching the graphs of both equations in the same rectangular 
coordinate system, as shown in Figure P. 10. From the figure, it appears that the graphs 
have two points of intersection. You can find these two points as follows. 

y = x 2 - 3 
y=x-1 

x2 -3=x-1 
x2 -x-2=0 

(x - 2)(x + I) = 0 
x=2or-l 

Solve lirst equation for y. 

Solve second equation for y. 

Equa1e y-valucs. 

Write in general fonn. 

Factor. 

Solve for x. 

The corresponding values of y are obtained by substituting x = 2 and x = - 1 into 
either of the original equations. Doing this produces two points of intersection: 

(2, I) and (- I, -2). Points of intersection ii 

You can check the points of intersection in Example 5 by substituting into both of 
the original equations or by using the intersect feature of a graphing utility. 
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